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Abstract 

Union- free families of subsets of [n] = {1, . . . n} have been stud- 
ied in [2]. In this paper, we provide a complete characterization of 
maximal symmetric difference-free families of subsets of [n]. 



1 Introduction 

In combinatorics, there are many examples of set systems that obey certain 
properties, such as (i) Sperner families, i.e. collections A of subsets of [n] 
such that A, BgA^AgB and B G A are both false; and (ii) pairwise 
intersecting families of fc-sets, i.e. collections A of sets of size k such that 
A, B G A =>• A R B 7^ 0. In these two cases, Sperner's theorem and the 
Erdos-Ko-Rado theorem (see, e.g., [3]) prove that the corresponding extremal 
families are of size (i n / 2 j) anc ^ (fe-i) respectively - and correspond to the 
"obvious" choices, namely all subsets of size |_rz / 2 J , and all subsets of size 
k containing a fixed element a. Another example of set systems is that of 
union closed families, i.e. ensembles A such that A, B G A ^ AU B G A. 
Frankl's conjecture states that in any union closed family A of subsets of 
{1,2, ... ,n} there exists an element a that belongs to at least half the sets 



1 



in the collection [TJ. Union-free families were defined by Frankl and Fiiredi 
[2] to be those families A where there do not exist A,B,C,D G A such that 
AUB — CUD. This definition is similar to that of B2 (or Sidon) subsets A of 
integers [3], which are those for which each of the 2-sums a + b,a < b,a,b G A 
are distinct. 

When defining delta-free families, we adopt an approach and a definition 
slightly different than those used in [2] ; A family of sets A is delta free (which 
we will often write as A-free) if for any A, B G A, AAB (jL A. Analogously 
with union closed families, however, we define A-closed families A to be those 
for which A, B G A =>- AAB G A. (Recall that the symmetric difference 
AAB, of two sets A, B contains all the elements that are in exactly one of 
the sets.) To give two easy examples, the collection of 2 n_1 subsets of [n] 
that contain the element "1", and any collection A of pairwise disjoint sets 
both form delta-free families, whereas the collection of even-sized subsets of 
[n] forms a delta-closed system. The union free families of [2] are those for 
which the "knowledge base" of two people is never equal to the knowledge 
base of two other people. Delta free/ Delta closed families, as defined above, 
are, on the other hand, those for which the "special skill sets" of two people 
can never/always be replaced by the skills of a single third person. Another 
"application" of A-free families would be to let each set represent a person 
and each element represent a language that the person speaks. If the family 
is A-free, then there is no person who can translate for two people all the 
languages those two do not share and yet not understand the languages those 
two other people do share. 

In this paper we focus more on A-free ensembles A than those that are 
A-closed. 



2 Preliminary Results 

Lemma 2.1. If a family A contains the empty set, A cannot be A-free. 

Proof. Assume A is A-free and contains the empty set. Since AA0 = A for 
any A in A we reach a contradiction. Equivalently, if A is A-free, then for 
any A G A, AAA = so £ A. □ 
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Lemma 2.2. Any family A that only contains sets of odd cardinality (which 
we will often call "odd sets") is A-free. Similarly, the collection A of all even 
sets is A-closed, as are several smaller families of even sets. 

Proof. Elementary. Since 

\AAB\ = \A\ + \B\ -2\AnB\, 

it follows that the cardinality of the symmetric difference of two sets A, B of 
the same parity is always even. □ 

This lemma shows that, of the 2 n subsets of {1, . . . n}, a collection consist- 
ing of exactly half of these subsets is A-free. Thus a maximal A-free family 
of subsets of {1, . . . n} has to have at least 2 n_1 members. In the spirit of 
the classical results of Sperner and Erdos-Ko-Rado which exemplify results 
that satisfy West's [5] mnemonic "TONCAS", or "The Obvious Necessary 
Condition is Also Sufficient" , we will show that 

A is A - free => \A\ < 2 n ~\ 

(West, in a personal communication, has attributed the acronym to Crispin 
St. John Alvah Nash- Williams.) 

3 An Upper Bound and the Class of Maximal 
Families 

A A-free family can easily be seen to contain sets with even cardinality. For 
example, for n = 3, the family {1}, {1, 2}, {1, 3}, {1, 2, 3} contains sets with 
both even and odd cardinality. The family is A-free as it does not contain 
{2}, {3}, or {2, 3}. It is worth noting that this family too has 2 n ~ 1 members. 
However, since half (2 n_1 ) of the subsets of {1, . . .n} are odd, in order to 
have more than 2 n_1 members in a A-free family, we would need to have at 
least one even set, which leads to our third lemma. 

Lemma 3.1. A maximal A-free family that contains at least one even set 
contains exactly half the even sets and exactly half the odd sets. 
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Proof. Let A be a maximal A- free family on {1, . . .n} that contains at least 
one even set, say F e . Since the family consisting of all even subsets cannot 
be delta-free, and since the cardinality of A is at least 2 n_1 , we let O be any 
of the 2™ _1 odd subsets of [n] and consider the set F e AO = Of b , which is an 
odd set that is distinct from O. If O G A, then Of s ^ A since A is A-free. 
Now AAB = AAC =>- B = C. So, if A contains an even set, each odd set 
in A rules out another odd set as a potential member of A. Therefore, if A 
contains an even set, it can contain at most half, or 2 n_2 , of the odd subsets 
of [n\. 

Similarly, let E be any of the 2™ _1 even subsets of [n]. If E e A, then we 
know that E 7^ 0. If E — F e then EAF e = ^ F, so we may assume that 
E is different from F e . EAF e is even so each even set in A rules out another 
even set as a potential member of A. So, again, if A contains an even set, 
it can contain at most half, or 2 n_2 , of the even sets, including the original 
even set. Since a A-free family on {1, . . .n} that contains at least one even 
set can have at most 2 n ~ 2 of the odd sets and at most 2 n ~ 2 of the even sets, 
it can contain at most 2 n_1 sets. Since a maximal family has at least 2 n_1 
sets, the result follows. □ 



We now know that a maximal A-free family consists of either all the odd 
sets or half the even sets and half the odd sets. In the latter case, we may 
ask "which half of the even sets?" and "which half of the odd sets?" . 

An analysis of the n = 3 case yielded the following A-free families: 

{{1}, {2}, {3}, {1,2, 3}}, 
which is the family with all the odd subsets; 

{{1}, {1,2}, {1,3}, {1,2, 3}}; 
two other families isomorphic to it; and three families isomorphic to 

{{1},{2},{1,3},{2,3}}. 



For n = 4, the non-isomorphic A-free families are as follows: 



{{1},{2},{3},{4},{1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}}, 



4 



{{1}, {1,2}, {1,3}, {1,4}, {1,2, 3}, {1,2,4}, {1,3, 4}, {1,2, 3, 4}}, 
{{1}, {2}, {1,3}, {1,4}, {2,3}, {2,4}, {1,3,4}, {2,3,4}}, 

and 

{{1}, {2}, {3}, {1,4}, {2, 4}, {3, 4}, {1,2, 3}, {1,2, 3, 4}}; 

the above have zero, three, five, and three other isomorphic families respec- 
tively. The n = 3 and n = 4 cases illustrate a general fact: Let S be the 
set of singletons that are to be in A, so S c is the set of elements not rep- 
resented by singletons in the family A. We can construct the full ensemble 
A by adding to the singletons all of the odd sets with an even intersection 
with S c (which includes the singletons) and all of the even sets with an 
odd intersection with S c . Consider the following example for n = 5. If we 
know that {1} and {2} are in A but {3}, {4}, and {5} are not, then S c is 
{3, 4, 5}. Based on this, the one-element sets in A are {1} and {2} since they 
have an even, albeit empty, intersection with S . The two-element sets are 
{1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, and {2, 5}, while the three-element sets are 
{1, 3, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 4, 5}, and {2, 3, 5}. The four-element 
sets are {1, 3, 4, 5} and {2, 3, 4, 5} and there are no five-element sets in A in 
this case. This particular family is A-free, but the question arises whether 
this method of construction works in general. Theorem 3.2 provides an affir- 
mative answer. 

Theorem 3.2. Given a proper subset S of {1, . . .n}, we can construct a 
maximal A-free family A on {1, . . .n} by taking all the odd subsets of [n] 
having an even intersection with S c and the even subsets of [n] having an 
odd intersection with S c . 

Proof. Let A be a family on {1, . . . n} that consists of the odd members of 
"P([n]) whose intersection with a subset S of {1, ... n} is even, together with 
the even subsets of [n] whose intersection with S c is odd. Let A, B e A. 
Case 1: A and B are both odd 

If A and B are both odd, then their symmetric difference would be even. A 
and B each have an even intersection with S , so the symmetric difference of 
their intersections with S would be even, as well as a subset of AAB. Thus, 
AAB would be an even member of the power set with an even intersection 
with S c . Hence AAB <£ A. 
Case 2: A and B are both even 

If A and B are both even, then their symmetric difference would be even. A 
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and B each have an odd intersection with S c , so the symmetric difference 
of their intersections with S c would be even. Since A does not contain even 
subsets with an even intersection with S we know that AAB ^ A. 
Case 3: A is even and B is odd 

Since A is even and in A it has an odd intersection with S c . Since B is 
odd and in A it has an even intersection with S c . Also, AAB is odd. The 
symmetric difference of the intersection of A with S and the intersection of 
B with S is a subset of AAB and is odd. Therefore, AAB is an odd subset 
of [n] with an odd intersection with S . It follows that AAB ^ A. 

In any case, given A, B e A, AAB A so A is A-free. Of the 2 n_1 odd 
subsets of [n], 2 n ~ 2 have an even intersection with S c and, of the 2 n ~ 1 even 
subsets, 2 n ~ 2 have an odd intersection with S c . Combined, our family is of 
size 2 n ~ 2 + 2 n ~ 2 = 2 n ~ 1 , so we have constructed a family that is A-free and 
is of maximal size. □ 

Note that the family A = A(S C ) in Theorem 3.2 contains singletons sets, 
namely all one point subsets of S. Note also that the complement of the 
family A{S C ) is A-closed. 

From the proof of Theorem 3.2, we know that our method will yield a A- 
free family of maximal size. A family consisting of all the odd members of the 
power set can be constructed by letting S c be the empty set. Since every odd 
set has a trivially even, empty intersection with S c , they can all be included 
in A. Since every even set also has a trivially even, empty intersection with 
S c , no such set can be included. If we now let S — {1} it is easy to see that 
we end up with the "Erdos-Ko-Rado" A-free family of all subsets of [n] that 
contain the point 1. Note that the family of all supersets of {1,2} is also 
A-free but not maximal. Of course, we cannot let S = in Theorem 3.2 since 
all the odd/even subsets would have an odd/even intersection with S c , and 
thus we would have A = 0, which is not a maximal family. Thus our process 
yields 2 n — 1 maximal delta-free families, as evidenced above for n — 3, 4. 
For a given S c we will denote the associated A-free family by A(S C ), and 
call it the A-free family generated by the set S c . 

We know the method outlined in Theorem 3.2 will construct maximal 
A-free families, but in order to completely characterize these, we need to 
make sure that the ensembles A(S°) uncovered by Theorem 3.2 are the 
only maximal A-free families. Let us first explore a cognate issue. Given 
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any collection A = {A 1 , A 2 , . . . , A N } of A-free subsets of [n] and any set 
T, we can partition the sets in A into four categories, which we can call 
A , e , A e , , A ,o, A e , e , where, e.g., A , e consist of those elements of A that are 
odd sets having an even intersection with T. For specificity, note that the 
A-free family of subsets of [4] given by 

{{1}, {2}, {1,3}, {1,4}, {2,3}, {2,4}, {1,3,4}, {2,3,4}} 

does correspond to a maximal family A(S C ) with S c = {3}, but it also 
could be viewed as a collection of sets with specific intersection patterns 
with another set such as T = {1, 2, 3} - in which case we would have 

Ao, = {{!}, {2}}, 

A,o = {{!,4},{2,4}}, 
A, e = {{l,3,4},{2,3,4}}, 

and 

A, e = {{l,3},{2,3}}. 

In fact, we next show that in any maximal A-free family and for any set 

T^S C , 

\^-o,e\ |«^e,o| I "4-0,0 1 |>^e,e| 2 

Assume that the family has at least one even set, and thus that there are 
2 n ~ 2 even and 2 n ~ 2 odd sets. Let 



\Ao, e \ = 2 n " 2 -y.= v\ \Ao,o\ = V, 

where at least one of x, y is positive, and at least one of u,v,x,y is larger 
than 2 n ~ 3 . The following diagram represents where the symmetric difference 
of two sets, each in one of the classes A , e , A\ e>01 A 0;0 , A e , e , lies: 
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Ae o 


Ae e 
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For example, if A G A , e and B G *4. e ,o, then AA_B G *4. ,o- So, if, without 
loss of generality, x > 1 and if > 2 n_3 , there is a surfeit of sets in the class 
Ae, - But each set in A e , e , eliminates one of the sets in A e , , when it is 
"symmetrically differenced" with a set in class A e , - Hence it is impossible 
for there to be more than 2 n_3 sets in the class A e , - This proves the claim. 
We are now ready to state our main result. 

Theorem 3.3. The procedure outlined in Theorem 3.2 generates all the pos- 
sible maximal A-free families on {1, . . . n}. In other words, each A-free A 
equals A(S C ) for some S c (in which, by definition, A , = A e>e = %). 

Proof. We start by showing that every maximal family must contain single- 
ton subsets of [n\. Let's assume that a maximal family contains no singletons; 
since it doesn't contain only the odds, it must contain half the evens. If it 
contains a 2-element set, say {1,2}, we would normally have to choose be- 
tween {1} and {2} in constructing a maximal set, just based on how evens 
exclude half the odds. We can choose neither, though, since both are sin- 
gletons - leaving us with a maximum of 2 n_1 — 1 total possibilities, so if we 
don't have any singletons, we cannot have any two-element sets in a maximal 
family. The next possibility for an even set is a 4-element set, but if we have 
{1,2,3,4} in the family, we'd normally have to choose between, say, {1,2} 
and {3, 4}. Since, however, we just showed that there cannot be any any two 
element sets in a maximal family if we don't have singletons, neither of these 
sets can be in the family. Likewise, any 6-element set would normally have 
us picking between a 2- and 4-element set to make a maximal set, neither of 
which we can have in a maximal set. The claim follows by induction. 

Let S c denote the set [n] \ {j : {j} G A}. 

Case 1: A contains an even set with an even intersection with S c . For a 
two element set to have an even intersection with S c it must contain either 
no elements or two elements from S c . Let the proposed two element set 
be {1,2}. If {1,2} n S c = then {1} G S so, by definition, {1} G A. 
Similarly, {2} G A. However, {1}A{2} = {1,2}, so if {1,2} n S c = 0, then 
{1,2} ^ A, a contradiction to our assumption that {1,2} G A. If {1,2} 
contains exactly two elements from S c , then {1} ^ A and {2} ^ A since 
{1,2} C S c . However, in order to be maximal, if {1,2} G A, then exactly 
one of {1} and {2} must be in A as well, which is a contradiction. So, if A 
contains a two element set with an even intersection with the corresponding 
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S c , it cannot be maximal. 

We next verify the details for four element sets: If {1, 2, 3, 4} has an even 
intersection with S c , then there are three possibilities, which, without loss 
of generality, are (i) {1}, {2}, {3}, {4} e A; (ii) {1},{2} e A,{3,4} C S c ; 
and (iii) {1,2,3,4} C S . Now if {1,2,3,4} belongs to A then exactly one 
of {1,2} and {3,4} must belong to A too. But under each of the above 
three scenarios, both {1,2} and {3,4} are even two-element sets with an 
even intersection with S c , and so A cannot be maximal. 

From here, we can use induction. We know we cannot have a two-element 
set with an even intersection with S c in a maximal A-free family. For k > 
2, suppose we cannot have an even set of size 2k or less, having an even 
intersection with S , in a maximal A-free family. A 2(k + l)-element set 
with an even intersection with S^may split up in two ways: Either we have 
all of its elements {a\, . . . , a 2 k+2} in A, or {ai, . . . , a 2 k+2} C S c , or there are 
two non-empty even sets A, B, \ A U B\ = 2k + 2 such that the elements of 
A are in A, and B C S c . In the first or second case, we see that either 
{ai, 02} or {03, . . . , 02^+2} must be in A, and in the second case, either A or 
B must be in A. Under any scenario, we contradict maximality, since each 
of the partitioned sets in question are even, of size < 2k, and have an even 
intersection with S c . 

Case 2: A contains an odd set with an odd intersection with S c . We now 
know that in a maximal A-free family the only even sets possible are those 
with an odd intersection with S c and that there are 2 n ~ 2 such sets. The 
symmetric difference of an even set with an odd intersection with S c and 
an odd set with an odd intersection with S c is an odd set with an even 
intersection with S c . Therefore, if the family under consideration contains 
all the even sets with an odd intersection with S c and an odd set with an odd 
intersection with S c , it cannot contain an odd set with an even intersection 
with S including the singletons we used to define S (and thus S ), which 
leads to a contradiction. Therefore, if a family contains an odd set with an 
odd intersection with the corresponding S c , it cannot be a maximal A-free 
family. □ 
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4 Open Questions 



How would our main results have changed had we used the "traditional" 
definition of A-free families A as those for which there do not exist sets 
A,B,C, D e A with AAB = CAD? If we draw sets from V{[n}) indepen- 
dently and at random with probability p, what is the threshold probability 
Po for the disappearance of the A-free property? What closure or avoid- 
ance properties can be generalized to three or more sets, where the relevant 
conditions might involve arithmetic modulo three? 
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